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BY
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Let (X, T, 7) be a transformation group with compact Hausdorff phase
space X, and let G = [7!/t&T] be the transition group of (X, T, 7). Then G
is a group of homeomorphisms of X onto X and so may be regarded as a sub-
set of XX. The enveloping semigroup E of (X, T, ) is by definition the closure
of G in XX [2]. In the first half of this paper algebraic properties of E are
studied and correlated with recursive properties of 7. Here the main theorem
states that proximal is an equivalence relation in X if and only if there is only
one minimal right ideal in E. The latter half of the paper is concerned with the
study of homomorphic images of transformation groups by means of their
enveloping semigroups. For further reference see [2] and [3].

Topological semigroups occur in the literature; see [4]. However, the
assumption is generally made that the semigroup multiplication is bilaterally
continuous. This is a property which the multiplication in E does not enjoy.

Standing notation. Throughout this paper (X, T, ) will denote a trans-
formation group with compact Hausdorff phase space, G its transition group,
and E its enveloping semigroup. If Q is a concept defined in terms of (X, T, )
and (Y, T, p) is another transformation group with phase group T and com-
pact Hausdorff phase space Y, then Qy or Q(Y, T, p) will denote the same
concept defined in terms of (¥, T, p). Thus Gy denotes the set [pt/¢t€T] and
Ey denotes the closure of Gy in Y7,

REMARK 1. Since X¥ may be regarded as the set of maps of X into X, a
semigroup structure may be introduced into XX. Thus if p, g€ XX, then pg
denotes the map of X into X such that x(pg) = (xp)g (xEX). Provided with
this structure and its cartesian product topology XX becomes a compact
semigroup. The maps p—qp (pEXX) of XX into XX are continuous for all
gE XX, and the maps p—pq (PEXX) of XX into XX are continuous for all
continuous maps ¢&X¥. Moreover E is a closed hence compact sub-semi-
group of XX. For proofs see [1] and [2].

REMARK 2. The map o: EXT—E such that (p, f)o=prt (pEE, t&T)
defines a transformation group with phase space E and phase group 7.
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DEeFINITION 1. Let 4 be a non-null closed subset of X. Then 4 is minimal
under T if ATCA and if whenever B is a non-null closed subset of 4 with
BT(CB, then B=A.

DEeFINITION 2. Let x€X. Then x is an almost pertodic point under T or T
is pointwise almost periodic at x if [xT]~ is minimal under T. The group T is
said to be pointwise almost periodic if T is pointwise almost periodic at x for
all x€X. This is not the usual definition but a characterization; see [3, 4.05
and 4.07]. Note that [xT]-=xE for all xEX.

DErINITION 3. Let I be a nonvacuous subset of E. Then I is said to be a
right ideal in E or simply an ideal if IECI. An ideal I is said to be minimal
if whenever K is a nonvacuous subset of I such that KECK then K=1I.
Notice that in the definition an ideal is not required to be a closed subset of
E.

REMARK 3. Let I be a minimal ideal, and let pEE. Then pI is a minimal
ideal. Also, the restriction of ¢ to I X T defines a transformation group with
phase space I. This transformation group will be denoted (I, T, o).

LeEMMA 1. The following statements hold.

(1) Let SH#ICE. Then I is a minimal right ideal if and only if I is mini-
mal under T. Thus every minimal right ideal is closed.

(2) Let I be a minimal right ideal in E. Then xI is a minimal subset of X
for all x€ X, where xI=U[xp/pEI].

Proof. (1) Let I be a minimal right ideal, and let p&1I. Then pECIECI
and pE is a right ideal. Thus I =pE which is closed by Remark 1. Now sup-
pose K is a nonvacuous closed subset of I such that KT =U[K=!/t&T]|CK.
Then because K is closed and E=G, KECK, i.e. K is a right ideal; whence
K =1I. Thus I is a minimal subset of E.

Conversely, suppose I is a minimal subset of E. Then I is closed and
IGCI, whence IECI;i.e. I is a right ideal. Now let K be a nonvacuous right
ideal contained in I and let pEK. Then pECKECKCI, and pE is a closed
subset of I such that pET CpE. Hence by the minimality of I, pE=1I. Con-
sequently K =1I. The proof is completed.

(2) Let A be a non-null closed subset of xI such that ATCA. Let
K=[p/pEI and xpEA]. Then K is a non-null closed subset of I such that
KTCK. Hence by (1) K=1I and so xI=A.

REMARK 4. Let K be a closed subset of E such that K2CK. Then by [1,
Lemma 1] there exists at least one idempotent (i.e. an element % of E such
that #?2=u) in K. Thus every minimal right ideal I contains at least one
idempotent.

[ Lem]ma (1) shows that there exists at least one minimal right ideal in E
3,4.06].

LEMMA 2. Let I be a minimal right ideal in E and let J be the set of idem-
potents of E contained tn I. Then:
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(1) pI=I for all pEI.

(2) up=p (u&J, pEI).

(3) If pE1, then there exist s I and u S J such that pu=p and ps=sp=u.
(4) If ag=ar with q, rEI and a € E, then g=r.

(5) If u, v&J with usv, then IuNlv= .

Proof. (1) Let p&I. Then pICI*CI and pI is a right ideal. Hence
pI=1.

(2) Let u&J and pEI1. By (1) there exists ¢&I with ug=p. Hence
up=uqg=uqg=>.

(3) Let pEI. Set H=[q/q€T and pg=p]. Then by (1) and Remark 1
H is a nonempty closed subset of I. Furthermore H2C H. Hence by Remark
4 there exists u€ HNJ; i.e. pu=p. By (1) there exist s, rEI such that ps=u
and sr=u. Then p=pu=psr=ur=r and so ps=sp=u.

(4) Let p=ga. Then pET and pg=pr. By (3) there exist s€I and uEJ
such that sp =u. Then g=uq=spq=spr=ur=r by (2).

(5) Let pu=gqv with p, ¢&I and u, v&J. Then pu = pu®=gvu=qu by (2).
Hence qgu=gv and so u=wv.

REMARK 5. Lemma 2 (4) shows that “left cancellation” holds to a limited
extent in E. Also, given p&I (4) and (S) show that the s and « guaranteed
in (3) are unique.

DEFINITION 4. Let #, v be two idempotents in E. Then # and v are said
to be equivalent (symbolically u~wv) if uv=u and vu=v. Let u~v and v~w.
Then uw=wvw=wuv=u and wu =wvu =wv=w; i.e. u~wand so ~isindeed an
equivalence relation. Lemma 2 (2) shows that if #~v and %, v are in the same
minimal right ideal then x=v.

LEMMA 3. Let I, and I; be minimal right ideals in E, and let u, be an idem-
potent in I,. Then there exists a unique idempotent us &I, such that ui~us,.

Proof. The set u,I; is a right ideal contained in I;. Hence there exists
us € I; with wus=wu;, and u, is unique by Lemma 2 (4). Moreover uiu;=u;
implies that u,u3 =uu, whence u3=u, by Lemma 2 (4). Similarly there exists
v €11 with uw =u, and vi=v;. Then u; = w4y =uuv1 = =v; by Lemma 2
(2). Thus %, =9 and so %4, =u.. The proof is completed.

PRroOPOSITION 1. Let I and I, be two minimal right ideals in E, and let J1
and J; be the set of idempotents in I, and I, respectively. Then there exists a map-
ping ¢: I,—I, such that:

(1) Jip=J2 and wdp~u, for all u,E J,.

(2) ¢ is one-to-one and onto.

(3) The restriction of ¢ to Iyuy is a homeomorphism of Iyuy onto I (ud) for
all w1,

Proof. For u, € J, let w1y be the unique element of J; such that u;~uy,
the existence of which is guaranteed by Lemma 3. Let p1 €I;. Then by Lemma
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2 (2) and Remark 5 there exists a unique w1 E€J; with piui=p1. Let pi¢p
=(mP)p1. If p1EJ, then pr=u; and p1¢p =u1¢p = (u) w1 =u) since up~u;
i.e. ¢ agrees with y on J;. .

(1) Thedefinition of ¥, and the fact that ¢ =y on J; follows from Lemma 3.

(2) Since I, and I, occur symmetrically in Proposition 1, : I,—I; such
that pom = (um)p: where pous=p. and um &I, with um~u, is a well defined
mapping of I; into I1. Let pi €11, 1€ J1 and pruy =p1. Then pi1dp =usp; where
w~us. Since pius = p1, usprte=uspr and (usp1)n = (uan)thepr = hskepr =wpr=p1
since #;~us. Hence pigpn=p1 for all p € I;. Similarly pmné = p, for all p.E1,.
The proof of (2) is completed.

(3) Let €5, mEJ1, qi=p141, and us=wu¢p. Then qiu,=¢ and so ¢
=usq1. Also quus=prusus=p1uy=¢q: implies that ¢ & lu,. Hence (l1u1)¢
C ILu,. Similarly (Iaue)nC I, whence (Liu1)p = Lou,.

Now let {¢%} be a net of elements of Iyu; such that ¢f—g,ELu;. Then
gid =uqs—usqi =q1¢ by Remark 1. Hence the restriction of ¢ to L, is a
continuous mapping of Iyu; onto lu,. Similarly the restriction of 5 to Tou, is
a continuous mapping of I, onto Iiu;. Since ¢n=identity on I; and ¢
=identity on I3, the proof is completed.

Noration. Henceforth L will denote U[I/I minimal right ideal in E],
M will denote [#/uEL and u?*=u], and A the set [x/xEX and T is almost
periodic at x].

THEOREM 1. Let x € X. Then the following statements are equivalent.

(1) xEA.

(2) xExI for all minimal right ideals I.

(3) xExJ(I) for all minimal right ideals I, where J(I) denotes the set of
idempotents in I.

(4) xExM.

(5) xExL.

Proof. (1) implies (2). Let I be a minimal right ideal in E. Then by
Lemma 1 x7 is a minimal subset of X. Since xIC [xT]- and x €4, xI = [xT]~
whence xEx1.

(2) implies (3). Let I be a minimal right ideal and J = J(I). Let
H=[p/pET and xp =x]. By assumption Hs< . Moreover H is a closed sub-
set of I such that H?*CH. Hence there exists an idempotent & H by Re-
mark 4, i.e. u€J and xu=x. Thus xExJ.

(3) implies (4) and (4) implies (S) are clear from the definition of M and
L.

(5) implies (1). Assume (5). Then there exists a minimal right ideal I in
E with xExI. Consequently xt€xlt=xInw*CxI for all t&€T, and so [xT]‘
CaxI since xI is closed. By Lemma 1, xI is a minimal subset of X. Hence
[xT]-==I since [xT]- is an invariant closed subset of xI. The proof is com-
pleted.
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COROLLARY 1. Let x€X. Then [xT]~NA =xL.

Proof. Let yExL. Then y=xp where p& I and I is a minimal right ideal.
By Lemma 2 (3) there exists #& 1 with pu=p. Thus y=xp=xpu=yucyl,
whence yE4 by Theorem 1. Also y=xp implies y& [xT]~.

Now let y&[xT]-NA. Then there exists pCE with y=xp. Moreover
yEA implies yESyL =xpL =xL by Remark 3.

DerFINITION 5. Let x, yEX. Then x and y are said to be proximal if given
an index « of X, there exists t& T with (x¢, yt) Ea. The proximal relation P
is defined to be that subset of X XX consisting of all proximal pairs (x, ¥)
[2]. The relation P is reflexive and symmetric but in general not transitive.
Theorem 2 is concerned with necessary and sufficient conditions on E to
insure that P be transitive or in other words that P be an equivalence rela-
tion in X.

REMARK 6. In [2] it was remarked that if ¥, yEX then (x, y) €P if and
only if there exists pE E with xp =yp. This condition may now be changed to
read (x, y) €P if and only if xr =yr for all 7 in some minimal right ideal I in
E. For if xp=xp for some pEE, then xr=yr for all &1 where [ =pK and K
is an arbitrary minimal right ideal in E.

THEOREM 2. The following statements are equivalent.
(1) P is an equivalence relation in X.
(2) E contains exactly one minimal right ideal.

Proof. (1) implies (2). Assume (1). By Remark 4 there is at least one
minimal right ideal in E. The proof will be completed by showing that there
is at most one such ideal. Let I; and I, be distinct minimal right ideals, and
let 1, €1, and 4, €I, be idempotents such that #;~u,; such exist by Lemma
3. Let x€X and set y=xu; and z=xu,. Then yu, =xul=xu; and zu,=xu}
=xu,. Thus (x, ¥) €EP and (x, 2) EP by Remark 6. Hence (y, 2) EP by as-
sumption, and so by Remark 6 there exists a minimal right ideal 5 such that
yr=zr for all rEI;. By Lemma 3 there exists an idempotent #;&I; with
ur~us~us. Then yuz=zu; and y=xu; =xu1us = yus =2uU3 =XUsus = XUy =2; i.e.
y=z. Since x was arbitrary, % =u,, a contradiction.

(2) implies (1). Let (x, y)EP and (y, 3) EP, to show (x, z) EP. By Re-
mark 6 there exist minimal right ideals I; and I such that xr =yr (&1;) and
yp=zp (pEI,). Since by assumption there is but one minimal right ideal I,
xr=vyr=gr (r&I). The proof is completed.

REMARK 7. The transformation group (X, T, w) is said to be distal if
P=A [1; 2]. Clearly if P=A then P is an equivalence relation in X and so
by Theorem 2 there is one minimal right ideal I in E. In this case, however,
Eis a group [1] and so I =E.

COROLLARY 2. Let P be an equivalence relation, and let x & X. Then
AN|[xT] is a closed subset of X.
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Proof. Use Corollary 1 and Theorem 2 and note that L =1 where I is the
unique minimal right ideal.

COROLLARY 3. Let T be pointwise almost periodic on X. Then the following
statements hold. (1) (x, y)EP if and only if xSyM. (2) P is an equivalence
relation in X if and only if M*C M.

Proof. (1) If xEyM, then there exists an idempotent # with x=yu.
Hence xu=yu and (x, y) €P by Remark 6. Conversely suppose (x, y) EP.
Then by Remark 6 there exists a minimal right ideal I with xp=yp (pEI).
Since x€A4, by Theorem 1 there exists u&J(I)CM with x=xu. Hence
x=xu=yuecyM.

(2) Let P be an equivalence relation, let I be the unique minimal ideal in
E, and J its set of idempotents. Then M =J and J?=J by Lemma 2 (2).

Now let M2C M. Let (x, ¥) €P and let (y, 3) €EP. Then by (1) xEym and
y&EzM. Hence xEzM?*CzM. The proof is completed.

An interesting problem upon which Theorem 2 sheds some light is the
following: Let H be a group of homeomorphisms of X onto X such that
xht=xth (x€X, h€H, t&T). Then what can be said about the almost peri-
odic points under H? From general considerations it is known [3, 4.06] that
there is at least one point xo& X at which H is pointwise almost periodic. By
the assumptions on H and T, this implies that H is pointwise almost periodic
at all points of xo7. Thus if x,T'=X, H is pointwise almost periodic. One
might ask whether the condition that x¢T'=X ceuld be relaxed to [xT]-
=X (x€X) and still retain the conclusion that H is pointwise almost peri-
odic. The answer is no in general as the following considerations show. Let
T be abelian, let [xT]-=X for all x€X, but suppose the transformation
group (X XX, T, 1), where ((x, y), t)n=(x¢t, y) (x, yEX, tET), is not point-
wise almost periodic. Such exist; see [2, Example 4]. Now consider the trans-
formation group (X XX, T'XT, £) where

((x, 9) (¢, 9)E = (%2, ys) (x, yEX; ¢, s€T).

Then [(x, ) TXT]-=XXX for all x, yEX, n'fre=treyt (r, s, tET) but T is
not pointwise almost periodic on X XX.

However, something may be said when P(X, H, o) is an equivalence rela-
tion, where (x, h)o=xk (xEX, h&H).

COROLLARY 4. Let [xT]-=X (x&X), let H be a group of homeomorphisms
of X such that xht =xth (x€EX, h€H, t&T), let P(X, H, o) be an equivalence
relation in X, and let there exist yoEX with [yoH|~=X. Then [xH]-=X for
all x€X.

Proof. Let A(H) = [x/H is pointwise almost periodic at x]. Then as was
remarked apove there exists x¢EA(H) and so x¢T CA(H). Consequently
[4(H)]-=X. Since P(X, H, ¢) is an equivalence relation in X, [yH]-NA (H)
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is closed by Corollary 2. Since [yoH]~=X, this means that 4(H) = [4(H)]~;
whence A(H)=X. The proof is completed.

The last part of this paper is concerned with the study of homomorphic
images of the transformation group (X, T, m).

DEerINITION 6. Let (Y, T, p) be a transformation group with compact
Hausdorff space Y and phase group T, let ¢: X—Y be onto, then ¢ is a
homomorphism of (X, T, ) onto (Y, T, p) provided that ¢ is continuous and
m'p =¢p* for all t€T. In [2] it is shown the ¢ induces a continuous semigroup
homomorphism 6 of Ex onto Ey such that xp¢ = (x¢) (p8) (xSX, pEEx) and
m'@=p* ((&€T). The mapping 8 will be referred to as the komomorphism in-
duced by ¢ [2].

LEMMA 4. Let ¢ be a homomorphism of (X, T, w) onto (Y, T, p) and let 0
be the homomorphism induced by ¢. Then:

(1) 0 is a homomorphism of (Ex, T, o) onto (Ey, T, o) where (p, t)o=pm*
(PEEx, tET) and (g, t)o=gp* (g€ Ey, tET).

(2) If I is a right ideal in Ex, then 10 is a right ideal in Ey.

(3) If K is a right ideal in Ey, then K0 is a right ideal in Ex.

(4) If I is a minimal right ideal in Ex, then 18 is a minimal right ideal in
Ey.
(5) If (Y, T, p) coincides with (X, T, w), t.e. ¢ is a homomorphism of
(X, T, m) onto (X, T, w), then 0 is the identity map of Ex onto Ex.

(6) Let I be a minimal right ideal in Ex, let K =10, let N be the set of idem-
potents in K, and let H = N0 N\ I. Then I/H = [pH/p € I]| and K/N
=[rN/rEK] are semigroups where (pH)(qH) =pqH (p, ¢&I) and (rN)(sN)
=rsN (r, s€EK). If furthermore K/N is a Hausdorff space, then I/H and
K /N are isomorphic.

Proof. (1) By [2] 6 is continuous onto, and (p£)0= (pm*)f=(p6)(w0)
= (p0)p* (PEEx, tET).

(2) Let rEEy and ¢=p0& 10 where pEI. Pick s€Ex with s§=r. Then
ps&I and (ps)0=(p0)(s8) =qrE 0.

(3) Let pEKO ! and s&Ex. Then pAEK and (ps)0 = (p0) (s§) EK (s6) =K,
whence.ps€ K61

(4) Let K be a right ideal in Ey such that KCI6. Then by (3) K6~'is a
right ideal in Ex. Since K6—'MI# &, ICK6~'. Hence I6CK.

(5) By [2] #9==* ({€T) whence 6 is the identity on Ex since 8 is con-
tinuous and [rt/t€T] is dense in Ex.

(6) Let us first show that p&qH if and only.if pS (gd)N (p, ¢EI). Let
pEqH; then pE (gH)0=(¢8) N. Conversely, let pf=(¢gf)u with & N. By
Lemma 2 (1) there exists s&I with p=gs. Thus (¢f) (s8) = p8 = (¢6)u whence
s8=u by Lemma 2 (4), since K is a minimal right ideal by (4).

Let 7, s&€K with r=su, u©N. Then by Lemma 2 (3) there exists vEN
with sv=s. Thus s=sv=suv=rv&rN by Lemma 2 (2). Consequently
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[rN/rEK] is a partition of K and it makes sense to speak of the partition
space K/N.

Let p, ¢€I with pEqgH. Then pIE(¢f)N and so ¢f< (p)N whence
gEpH. Thus [pH/pEI] is a partition of I.

Lemma 2 (2) shows that Nr=r (s€K), whence rNsN=rsN (r, s€K) and
pHqH=pgH (p, g€I).

The map p—(p0)N (pE1I) of I onto K/N is continuous and so the map
n: I/H—K/N such that (pH)n = (pf) N (p€ ) is a one-to-one continuous map
of I/H onto K/N. If K/N is Hausdorff, this map is a homomorphism. Since
(pH-gH)n = (pgH)n = (p@)0N = (p) (¢) N = ((p0) N) - ((¢6) N) = (pH)n - (¢H),
in this case 7 is an isomorphism. The proof is completed.

A question which might be raised concerning homeomorphisms of trans-
formation groups is the following. Suppose ¢ is a homomorphism of X onto ¥
and ¢ is a homomorphism of ¥ onto X. Then are X and Y isomorphic? In
general the answer is no. The following lemmas are concerned with this prob-
lem.

LEMMA 5. Let I be a minimal right ideal in E and let n be a homomorphism
of the transformation group (I, T, o) onto itself. Then n is an isomorphism.

Proof. Let pE1I and ¢t&T. Then by assumption (prt)n=(pn)r*. Hence
(pq)n = (pn)q (p, ¢EI) since [w!/tE€ T] is dense in E, and left multiplication in
E and 7 are continuous.

Now let # be an idempotent in I and set r =un. Then pn = (up)y= (un)p
=rp (p&I) by Lemma 2 (2). Thus if pnp=gn, rp =rq, and so by Lemma 2 (4)
p=gq; i.e. 7 is one-to-one. The proof is completed.

LEMMA 6. Let I be a minimal right ideal in E, let ¢ be a homomorphism of
(I, T, 0) onto (Y, T, p), and let Y be a homomorphism of (Y, T, p) onto (I, T, o).
Then ¢ is an isomorphism.

Proof. The map ¢y is a homomorphism of (I, T, o) onto (I, T, o). By
Lemma 5 ¢y is an isomorphism. Therefore ¢ is an isomorphism.

LEMMA 7. Let ¢ be a homomorphism of (X, T, w) onto (Y, T, p) and let
proximal be an equivalence relation in X. Then proximal is an equivalence rela-
tion in V.

Proof. Let I, and I, be minimal right ideals in Ey. Then I,6~! and I.6—!
are right ideals in Ex. Thus ICLi#—*N\IH4~! where I is the unique minimal
ideal in Ex. Hence I)/NI,# & and so I =1I,. The proof is completed.

DEeFINITION 7. The transformation group (X, T, w) is said to be locally
almost periodic provided that if x&€X and V is a neighborhood of x, then there
exist a neighborhood U of x and a syndetic subset 4 of T such that (UXA4)r
=UACYV [3].
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REMARK 8. The following properties of the enveloping semigroup proved
in [2] will be used in the sequel.

If P is a closed equivalence relation in X, then E(X/P, T) is a group.

If (X, T, w) is a locally almost periodic, then P is a closed equivalence
relation in X and E(X/P, T) is a compact topological group referred to as
the structure group of (X, T, w) and denoted I' or I'x.

THEOREM 3. Let T be pointwise almost periodic on X, let P be a closed
equivalence relation in X, let I be the unique minimal right ideal in E and J
the set of idempotents in I. Then:

(1) I/J s a compact group.

(2) If T is locally almost periodic on X, then I/J is a compact topological
group isomorphic with the structure group of (X, T, w) [2].

Proof. (1) Let Y= [xPleX ] and (¥, T, p) the transformation group
such that (xP, )p=xtP (xEX,tET). Let ¢: X— YV such that xp =xP (xEX).
Then ¢ is a homomorphism of (X, T, w) onto (¥, T, p). By [2] Ev is a group.
Let 0 be the homomorphism of E onto Ey induced by ¢, and let «&J. Then
uf = (u2)0 = (uf) (uf) and so uf =e, the identity element of Ey. If pEE, then
pI is a minimal right ideal and so pI =I. Consequently p8 = (p0)ub = (pu)0 & 160
and so I§ =Ey.

Now suppose pf=e for some p&I. Then xpp = (x¢)(p0)=x¢ (x&X).
Consequently (xp, x) EP. By Corollary 3 there exists v =9,&J such that
xp =xv, whence xp?=xvp=xp (xE€X) by Lemma 2 (2). Thus p?=pEJ; i.e.
J=eb"1, Therefore I/J=Ey by Lemma 4 (6).

(2) Statement (2) follows from (1) and the fact that in this case Ey is a
compact topological group.

COROLLARY 5. Let (X, T, w) and (Y, T, p) be locally almost periodic trans-
formation groups, let Ux and Ty be the structure groups of (X, T, w) and(Y, T, p),
and let ¢ be a homomorphism of (X, T, w) onto (Y, T, p). Then there exists a
homomorphism of I'x onto T'y.

Proof. Let 6 be the homomorphism of Ex onto Ey induced by ¢, let Ix
and Iy be the unique minimal right ideals of Ex and Ey, and let Jx and Jy
be the idempotents in I'x and Iy respectively. Then Ix0 =Iy by Lemma 4 (4).
Moreover JxfCJy implies that the map pJx— (p) Jy (pEIx) is a homomor-
phism of Ix/Jx onto Iy/Jy. The proof is completed by Theorem 3.

COROLLARY 6. If in addition to the hypotheses of Corollary 5, it is assumed
that T'x =Ty and that 0 maps Jx in a one-to-one manner onto Jy, then 0 is an
isomorphism of Ix onto Iy.

Proof. Let H=IxNJy§~l. Then JxCH. By Lemma 4 (6) the map
pH—(p)Jy (pEIx) is an isomorphism of Ix/H onto Iy/Jy. By Corollary 5
the map pJx—(p0)Jy (pEIx) is an isomorphism of Ix/Jx onto It/Jy since
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T'x=Ty. Hence the map pH—pJx is an isomorphism of Ix/H onto Ix/Jx.
Consequently H=Jx.

Now let p, ¢EIx with pf=¢f. By Lemma 2 (1) there exists s€Ix such
that ps=gq. Then p8=q0 = (ps)0 = (p8)(s8) and so (p8)(s6) = (p8)(s8)2, whence
s6=(s6)? by Lemma 2 (4). Thus s8E€Jy and so sCEJy0"'\"Ix=H=Jx; i.e.
s?=s.

By Lemma 2 (3) there exists u&Jx with pu=p. Hence p0= (p0)(ub)
= (p0)(s8). Thus uf =s8 and so u=s since #, s&Jx. This means that p=pu
=ps=g. The proof is completed.

LeEMMA 8. Let P be a closed equivalence relation in X, let I be the unique
minimal right ideal in E and let J be the idempotents in I, and letT' =E(X/P, T).
Then there exists a natural one-to-one map ¢ of I onto I' X J induced by the pro-
Jjection ¢ of X onto X /P.

Proof. Let 8 be the homomorphism of E onto I" induced by ¢. Then as in
Theorem 3 I6=T..

Let p&€I. Then by Lemma 2 (3) there exists a unique ¥ EJ with pu=p.
Set py = (p0, u). Let r&I' and ¥ & J. Then there exists g& I with gf=r. Let
p=gqu. Then pu=p and p =q0ud = (¢6)e=r. Thus py = (r, #) and so ¢ is onto.

Now suppose p¥=q¥ (p, ¢&I). Let p=pu and g=gqv. Then (p8, )
= (¢, v) implies that #=v and pf=¢f. By Lemma 2 (1) there exists s&TI
with ps=g. Thus p8 =g = (pv)(sv) and so s =e whence s€J as in the proof
of Theorem 3. Consequently ¢=gv=gu=psu=pu=p. The proof is com-
pleted.

REMARK 9. The map ¥ defined in Lemma 8 is in general nct continuous.

Theorem 3 and its corollaries indicate that given a compact group T, a
dense subgroup 7, and a set J one should be able to construct the minimal
ideal I of a locally almost periodic transformation group (X, T, w) with struc-
ture group I' and such that J is the set of idempotents in I. Lemma 8 asserts
that set theoretically at least I is I'’)XJ. This idea was used in constructing
Example 4 [2]. There I is the circle group and J is a two point set.

An interesting problem is to provide I' XJ with a compact Hausdorff
topology and to determine the action of T on I'XJ such that ('XJ, T) is
locally almost periodic.
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